In this paper, I use sine -cosine method to obtain a new traveling wave solutions of a generalized Kawahara equation and I obtain a new exact solution for Hunter -Saxton equation by direct integration. The traveling wave solutions for the above equation are presented to obtain novel exact solutions for the same equations. These solutions plays an important role in the modeling of many physical phenomena such as plasma waves, magento -acoustic wave and nematic liquid crystals.
Introduction
Many partial differential equations which are of interest to study and investigate due to the role they play in various areas of mathematics and physics are included in this category [1] [2] [3] .
The formulation of classical theory of surfaces in a form familiar to the soliton theory, which makes possible an application of the analytical methods of this theory to integrable cases [4] [5] [6] . When studying these nonlinear phenomena, which particularly plays a major role in many fields of physics, one can encounter with an equation of the form u t + ru n u x + pu 3x − qu 5x = 0.
where r, p and q are nonzero arbitrary constants and n = 1, 2, 3, · · · . When n = 1 and n = 2, Eq. (1) is called Kawahara and modified Kawahara equations, respectively. In Eq.
(1) the second term is convective part and the third term is dispersive part. The Kawahara and modified Kawahara equations have been the subject of extensive research work in recent decades in [7] [8] [9] .
Nonlinear problems are more difficult to solve than linear ones. When studying these nonlinear phenomena, which particularly plays a major role in many fields of physics, such as fluid mechanics, solid state physics and plasma physics [10] [11] [12] [13] . Several direct methods have been recently proposed for obtaining exact and approximate analytic solutions for nonlinear evolution equations, such as homogeneous balance method [14] , the modified tanh-function method [15] , the extended tanh-function method [16] , the tanh-function method [17] , the Jacobi elliptic function expansion method [18] and the sine-cosine method [19] , and so on. The modified Kawahara equation also has wide applications in physics such as plasma waves, capillary-gravity water waves, water waves with surface tension, shallow water waves and so on [20] [21] [22] .
The Hunter -Saxton equation describes the propagation of waves in a massive director field of a nematic liquid cristal u(x, t) being related to the deviation of the average orientation of the molecules from an equilibrium position [23] . The Hunter -Saxton equation first appeared in [24] as an asymptotic equation for rotators in liquid crystals.
where u(x, t) is a real -valued function, are integrable models for the propagation of nonlinear waves in 1 + 1 dimension.
Rest of the paper is organized as follows. In section 2 sine-cosine method is produced. Section 3 is devoted to employed the method on the generalized Kawahara equation. In section 4 the new solution of The Hunter -Saxton equation by direct integration. The brief conclusion of this paper in section 5. Finally, some references are listed in the end.
The sine -cosine method
Now we describe the sine -cosine method [19] , for a given nonlinear evolution equation, say, in two variables [25] [26] [27] [28] [29] [30] ,
where u(x, t) is traveling wave solution. We first consider it traveling wave solutions
where c is constant parameter to be determined, and k is an arbitrary constant, then equation (3) becomes an ordinary differential equation, which is integrated as long as all terms contain derivatives. The associated integration constants can be taken as zero. The next crucial step is that the solution we are looking for is expressed in the form
where λ and μ are constants to be determined, μ and c are the wave number and the wave speed, respectively [20] [21] [22] [23] . We use
The parameter β will be found by balancing the highest-order nonlinear terms with the highest-order partial derivative term in the given equation and then give the formal solution. Substituting the formal solution (5) and sin(μξ) cos j (μξ) and set to zero their coefficients to get algebraic relations among the unknowns c, λ, μ, β. With the aid of Mathematica and using the Wu's elimination method [31] , we solve for the above unknowns of the equations to finally obtain the traveling wave solutions of the given nonlinear evolution equation.
Traveling wave solutions for a generalized Kawahara equation
For the generalized Kawahara equation (1) which contains some particular important equations such as Kawahara and modified Kawahara equations. In order to get a new traveling wave solutions of equation (1) . Substituting (4) into (1), we obtain an ordinary differential equation
Integrating Eq. (8) and integration constant can be taken as zero, we find
Substituting Eq. (7) into Eq. (9), we obtain
Setting the coefficients of sin β μξ, sin β−2 μξ to zero and equating the exponents of sin (n+1)β μξ, and sin β−4 μξ, we find the following equations:
We now solve the above set of equations (11) by using the Wu's elimination method, and obtain the following solutions:
We find the following four types of traveling wave solutions for the generalized Kawahara equation (1):
Type 2. For pq > 0
Type 3. For pq < 0
Type 4. For pq < 0
From the above solution of generalized Kawahara equation, I can find the solutions of Kawahara and modified Kawahara equations as follows:
(1) For n = 1, we obtain the Kawahara equation in the form
and the solitary wave solutions of Kawahara equation are:
(2) For n = 2, we obtain the modified Kawahara equation in the form
we obtain the following four types of solitary wave solutions Type 1. For pq > 0
Exact solution for Hunter -Saxton equation
I now consider the Hunter -Saxton equation (2), by using the traveling wave solutions u(x, t) = u(ξ), ξ = (x − ct + k) in Eq. (2) and I obtained nonlinear ordinary differential equation in the form [32] [33] [34] [35] [36] [37] [38] 2u u − cu + uu = 0, (27) by integrating Eq. (27) and integration constant can be taken as zero, we obtain
multiply Eq. (28) by
I can write Eq. (29) in the form 
Conclusions
In this paper, I obtain a new traveling wave solutions for the generalized Kawahara and Hunter -Saxton equations. With the aid of a symbolic computation system, three types of more general traveling wave solutions ( including hyperbolic functions, trigonometric functions and radical functions) with free parameters are constructed. Solutions concerning solitary and periodic waves are also given by setting the three arbitrary parameters, involved in the traveling waves, as special values. The obtained results show that sine -cosine method is very powerful and convenient mathematical tool for nonlinear evolution equations in science and engineering.
